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Abstract
In the first two sections, we study when a σ -compact space can be covered by a point-finite family of compacta. The main
result in this direction concerns topological vector spaces. Theorem 2.4 implies that if such a space L admits a countable point-
finite cover by compacta, then L has a countable network. It follows that if f is a continuous mapping of a σ -compact locally
compact space X onto a topological vector space L, and fibers of f are compact, then L is a σ -compact space with a countable
network (Theorem 2.10). Therefore, certain σ -compact topological vector spaces do not have a stronger σ -compact locally compact
topology.
In the last, third section, we establish a result going in the orthogonal direction: if a compact Hausdorff space X is the union of
two subspaces which are homeomorphic to topological vector spaces, then X is metrizable (Corollary 3.2).
© 2008 Elsevier Inc. All rights reserved.
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1. Some preliminary observations and results on covers by compacta
“A topological vector space” will stand below for a locally convex topological vector space over the field R of real
numbers. An important natural example of a topological vector space is the space Cp(X) of real-valued continuous
functions on a Tychonoff space X, in the topology of pointwise convergence (see [5]). “A space” will stand for a
Tychonoff topological space.
The notion of a network was introduced in 1959 in [1] (see also [2]). A family S of subsets of a topological
space X is said to be a network of X if for each x ∈ X and each open neighbourhood U of x there exists P ∈ S such
that x ∈ P ⊂ U .
A space X will be called σ -discretely compact if it can be covered by a σ -discrete family of compacta. Of course,
each σ -compact space is such a space. In terminology and notation we follow [11].
A topological vector space L is compact only in the trivial case when L contains only zero vector. Observe that
every finite-dimensional topological vector space is σ -compact: it is homeomorphic to Rn, for some natural number n.
For Cp(X) one can prove the converse: if Cp(X) is σ -compact, then X is finite and hence, Cp(X) is finite-dimensional
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can be also σ -compact. Indeed, the σ -product of ω1 copies of R, denoted below by Pσ , is a topological vector space
of this kind. Recall that Pσ consists of points of the product with only finitely many non-zero coordinates.
Combinatorial properties of coverings of a space by open sets play an important role in the theory of topological
spaces (paracompactness, theory of metrization, dimension theory, theory of cardinal invariants depend on these prop-
erties drastically). So we may ask: when a σ -compact space admits a “combinatorially nice” covering by compacta?
We know, for example, that not every Tychonoff σ -compact space can be covered by a disjoint countable family
of compacta: the real line R is such a space. However, R can be easily covered by a locally finite countable family
of compacta. Clearly, only locally compact spaces can be covered by a locally finite collection of compacta. Thus, it
is natural to classify topological spaces according to how nice can be their covers by compacta. Observe that every
space admits a disjoint cover by compacta (by singletons).
A topological vector space L has a locally finite cover by compacta if and only if L = Rn, for some n ∈ ω. Thus, a
σ -compact topological vector space need not have a locally finite cover by compacta, as it is witnessed by the space
Pσ .
Now the following questions seem to be in order.
Can an arbitrary σ -compact space be covered by a countable point-finite family of compacta? When a σ -compact
space has a countable point-finite cover by compacta?
A related more general question: when a σ -discretely compact space has a point-finite σ -discrete cover by com-
pacta?
An additional motivation for the first question is provided by another natural question: when a σ -compact space
X can be represented as an image of a locally compact σ -compact space T under a one-to-one continuous mapping?
In other words, when a σ -compact space admits a stronger locally compact σ -compact topology? Observe that every
space admits a stronger locally compact topology (the discrete topology).
The connection between the questions is given by the next statement. A standard and short proof of it is omitted.
Proposition 1.1. For any space X, the following conditions are equivalent:
(a) X can be represented as an image of a locally compact σ -compact space under a finite-to-one continuous map-
ping;
(b) X can be represented as an image of a locally compact σ -compact space under a continuous mapping with
compact fibers;
(c) X can be covered by a countable point-finite family of compacta.
Corollary 1.2. If a space Y has a stronger locally compact σ -compact topology, then Y can be covered by a point-
finite countable family of compacta.
The next section contains some results on point-finite covers of spaces by compacta. A special attention is given to
the case of topological vector spaces.
2. Point-finite covers of spaces by compacta
Recall that a compact space K is said to be perfectly normal if every closed subset of K is a Gδ-set in K . This class
of compacta was introduced by P.S. Alexandroff and P.S. Urysohn. Obviously, it includes all metrizable compacta.
Proposition 2.1. If a space X is covered by a countable family ξ = {Fn: n ∈ ω} of perfectly normal compacta Fn,
then X can be covered by a countable point-finite family of compacta.
Proof. Put Mn = Fn \⋃{Fi : i < n} for n ∈ ω. Clearly, Mn is an open subset of Fn. Therefore, the subspace Mn is
locally compact and σ -compact. Hence, there exists a countable point-finite cover ηn of Mn by compact subsets of Mn.
Put η =⋃{ηn: n ∈ ω}. Then η is a countable point-finite cover of X by compacta, since the family {Mn: n ∈ ω} is
disjoint. 
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Theorem 2.2. Every space X covered by a countable family of metrizable compacta can be covered by a countable
point-finite family of metrizable compacta.
Corollary 2.3. Every metrizable σ -compact space X can be covered by a countable point-finite family of compacta.
Is it possible to extend the last result to an arbitrary σ -compact space? The answer to this question turns out to be
in negative. Moreover, we will show that in the class of topological vector spaces Theorem 2.2 can be reversed.
Theorem 2.4. Suppose that L is a topological vector space, and let ξ be a countable covering of L by compacta which
is point-finite at least at one point. Then L has a countable network and can be covered by a countable point-finite
family of metrizable compacta.
To prove this theorem we need the following lemma.
Lemma 2.5. Suppose that a topological vector space contains a non-empty Gδ-subset M such that the closure of M is
compact. Then the neutral element e is a Gδ-point in L and hence L is submetrizable, that is, there exists a one-to-one
continuous mapping of L onto a metrizable space.
Proof. Clearly, we may assume that e ∈ M . Fix open sets Un in L such that M =⋂{Un: n ∈ ω}. Then, for each n ∈ ω,
Un is an open neighbourhood of e in L. We can fix a continuous real-valued function fn on L such that Kn = f−1n (0)
is a vector subspace of L, and Kn ⊂ Un (see [10, Chapter 2, Section 5, Subsection 3]). Clearly, H =⋂{Kn: n ∈ ω}
is a closed vector subspace contained in M . Therefore, H is a closed subset of the compactum F = M . Hence, H is
compact. It follows that H = {e}. By the continuity of fn, each Kn is a Gδ-set in L. Hence, H is a Gδ-set in L, that is,
e is a Gδ-point in L. Since L is a topological group, it follows that there exists a one-to-one continuous mapping of L
onto a metrizable space (see [4]). 
Now we can easily prove Theorem 2.4.
Proof. Fix a point p ∈ L such that ξ is point-finite at p. Put B =⋃{P ∈ ξ : p ∈ P }. Then B is compact. Let η =
{P ∈ ξ : p /∈ P } and A =⋃η. Then, clearly, (L\A) ⊂ B , since ξ is a covering of L, and p /∈ A, by the definition of A.
Put C = L \ A. Then p ∈ C ⊂ B . Observe that C is a non-empty Gδ-subset of L, since A is an Fσ -subset of L. The
closure of C is compact, since C is contained in the compact subspace B . Thus, Lemma 2.5 is applicable, and there
exists a one-to-one continuous mapping of L onto a metrizable space. It follows that each compact subspace of L is
metrizable and therefore, has a countable base. Since L is σ -compact, the space L has a countable network. The rest
of the conclusion follows from Theorem 2.2, since every compact space with a countable network is metrizable. 
Of course, there is no chance to extend Theorem 2.4 to arbitrary Tychonoff spaces: the product of a non-metrizable
compactum F with the discrete space ω admits a disjoint cover by compacta but does not have a countable network.
A connected counterexample is also easily available.
Let us call a space X neatly σ -compact if X can be covered by a countable point-finite family of compacta. Thus,
every σ -compact space with a countable network is neatly σ -compact, and every neatly σ -compact topological vector
space has a countable network.
Corollary 2.6. Suppose that L is a σ -compact topological vector space with a countable network, and let Y be a
neatly σ -compact space that does not have a countable network. Then L × Y is not homeomorphic to a topological
vector space.
Proof. Indeed, L and Y are both neatly σ -compact. Clearly, the product of finitely many neatly σ -compact spaces is
neatly σ -compact. Therefore, L × Y is neatly σ -compact. Assume now that L × Y is homeomorphic to a topological
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contradiction. 
In particular, Corollary 2.6 is applicable if Y is a non-metrizable compactum, or if Y is covered by a countable
disjoint family of compacta, at least one of which is non-metrizable.
Obviously, the proof of Theorem 2.4 can be generalized in various directions. For example, we can replace the
compactness requirement by the assumption that elements of ξ are closed countably compact subsets of L. Here
come two more generalizations of Theorem 2.4. Their proofs are omitted, since they basically follow the proof of
Theorem 2.4.
Theorem 2.7. Suppose that L is a topological vector space covered by a family γ of compacta which is point-finite
at least at one point of L. Then nw(L) |γ |, that is, L has a network of the cardinality not exceeding the cardinality
of γ .
Theorem 2.8. Suppose that L is a topological vector space covered by a countable family γ of closed locally compact
paracompact subspaces. Suppose also that γ is point-finite at least at one point of L. Then L is submetrizable.
Corollary 2.9. If L is a topological vector space covered by a σ -discrete family γ of compacta, and γ is point-finite
at least at one point of L, then L is submetrizable.
The above results can be applied to continuous mappings of locally compact spaces onto topological vector spaces.
Recall that a mapping is said to be compact if all fibers are compact.
Theorem 2.10. If f is a continuous compact mapping of a σ -compact locally compact space X onto a topological
vector space L, then L is a σ -compact space with a countable network and can be covered by a countable point-finite
family of metrizable compacta.
Proof. By Proposition 1.1, the space L can be covered by a countable point-finite family of compacta. It remains to
apply Theorem 2.4. 
The converse statement holds in a much stronger form. It is a modification of Proposition 2.1.
Proposition 2.11. If a space X is covered by a countable family ξ = {Fn: n ∈ ω} of perfectly normal compacta Fn,
then X can be covered by a countable disjoint family of locally compact σ -compact subspaces.
Proof. Put Mn = Fn \⋃{Fi : i < n} for n ∈ ω. Clearly, Mn is an open subset of Fn. Therefore, the subspace Mn is
locally compact and σ -compact. Obviously, the family η = {Mn: n ∈ ω} is disjoint and covers X. 
Theorem 2.12. Every σ -compact space Y with a countable network can be represented as an image of a separable
metrizable locally compact σ -compact space under a one-to-one continuous mapping.
Proof. Indeed, Y is covered by a countable family of metrizable compacta. Therefore, by Proposition 2.11, there
exists a countable disjoint cover η of Y by locally compact σ -compact subspaces. Each of these has a countable
network and is, therefore, separable and metrizable. Let X be the free topological sum of η. Then X has all the desired
properties. In particular, there is an obvious one-to-one continuous mapping of X onto Y . 
Some further results on countable covers of spaces Cp(X) one can find in [14].
3. Compacta that are unions of topological vector spaces
The starting point in this section is the same as in Section 1. Obviously, if a compact space X is homeomorphic
to a topological vector space, then X consists of only one element. However, now we move in the “dual” direction.
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homeomorphic to topological vector spaces? When a compact space X can be represented as the union of finitely
many subspaces each of which is homeomorphic to a topological vector spaces?
A more general question: what kind of compacta can be constructed as the unions of two, or of finitely many,
“nice” spaces,—has been more than once considered in various concrete situations, and quite a few interesting results
were obtained. For example, if a compact space X is the union of two metrizable subspaces, then X is an Eberlein
compactum (E. Michael and M.E. Rudin [12]). On the other hand, a compact space, that is the union of three metrizable
subspaces, need not be an Eberlein compactum [5]. An important extension of the class of Eberlein compacta is the
class of Radon–Nikodym compacta. For the definition and some properties of these compacta see [13]. In connection
with the result of E. Michael and M.E. Rudin mentioned above, it is natural to ask the following question:
Problem 3.1. Suppose that a compact space X is the union of three (of finitely many) metrizable subspaces. Must X
be a Radon–Nikodym compactum?
Our main result in this section (Theorem 3.3) implies the following statement:
Corollary 3.2. If a compact space X is the union of two subspaces which are homeomorphic to some topological
vector spaces, then X is metrizable.
For the sake of brevity, let us call a space Y a subvector space if Y can be topologically embedded in a topological
vector space as a dense subspace. It is well known that every space Z is homeomorphic to a closed subspace of some
topological vector space. However, not every space is a subvector space, since, for example, every first countable
subvector space is easily seen to be metrizable (for some stronger statements see below).
Theorem 3.3. If a compact space X is the union of two subvector spaces, then X is separable and metrizable.
The proof of Theorem 3.3 depends on a basic result on remainders of topological groups from [7], on a metrization
theorem for subvector spaces, and on a few simple facts.
We start with a metrization theorem we need.
Theorem 3.4. A topological vector space L is metrizable if and only if there is a non-empty compact subset F of L
with a countable base of open neighbourhoods in L.
Proof. The necessity is clear. Let us prove the sufficiency. Since F has a countable base of open neighbourhoods
in L, F is a Gδ-set in L. Since F is a non-empty compactum and is closed in L, it follows from Lemma 2.5 that L is
submetrizable. Thus, we can fix a one-to-one continuous mapping g of L onto a metrizable space Y .
On the other hand, since L is a topological group, our assumptions about F imply that L is a paracompact p-space,
that is, there exists a perfect mapping (i.e. a closed continuous mapping with compact fibers) f of L onto a metrizable
space X. Then the diagonal product fΔg is a homeomorphism of L onto the subspace Z = fΔg(L) of the metrizable
space X × Y (see [3]). It follows that Z and L are metrizable. 
In fact, we need a slightly stronger statement than Theorem 3.4.
Corollary 3.5. A subvector space Y is metrizable if and only if there is a non-empty compact subset F of Y with a
countable base of open neighbourhoods in Y .
Proof. Again, we only have to prove the sufficiency. Fix a topological vector space L such that Y is a dense subspace
of L. Clearly, if a compact subspace F of Y has a countable base of open neighbourhoods in Y , then F has a countable
base of open neighbourhoods in L. Therefore, by Theorem 3.4, L is metrizable. Hence, Y is metrizable. 
Here is the result from [8] (the main case of which was established in [7]) that plays the key role in the proof of
Theorem 3.3.
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is pseudocompact, or G contains a non-empty compact subspace F with a countable base of open neighbourhoods in
the space G.
First of all, we derive from Theorems 3.6 and 3.4 the following conclusion.
Theorem 3.7. Let Y be a subvector space, and let bY be a compactification of Y . Then either the remainder bY \ Y
is pseudocompact, or Y is metrizable.
The next easy to prove statement is a part of the folklore.
Fact 1. If a subvector space Y contains a non-empty open locally compact subspace, then Y is finite-dimensional,
separable, and metrizable.
We also need the following
Fact 2. If a subvector space Y is pseudocompact, then Y consists of exactly one point.
Indeed, let Y be a dense subspace of a topological vector space L. Then L is also pseudocompact. Hence, every
linear continuous real-valued function on L is constantly zero, and L is zero-dimensional. Thus, L and Y consist of
the neutral element only.
Now we are ready to prove Theorem 3.3.
Proof. Let B = Y ∪ Z, where B is compact, and Y,Z are subvector spaces.
Case 1: Y is locally compact at some point. Then, by Fact 1, Y is separable and metrizable. Hence, Z has a separable
metrizable remainder. By a theorem in [6], either Z is locally compact at some point, or Z is a Lindelöf p-space. In
the first case, Z is separable and metrizable, by Fact 1. In the second case Z contains a non-empty compact subspace
with a countable base of open neighbourhoods [3] and therefore, Z is metrizable, by Theorem 3.6, and separable,
since it is Lindelöf. Thus, we have established that, in the case 1, both spaces Y and Z are separable and metrizable.
Then B has a countable network, and hence B is metrizable and separable as well, by a theorem in [2].
Obviously, it remains to consider
Case 2: Each of the spaces Y and Z is nowhere locally compact. Then both Y and Z are dense in B . It also follows
from the assumptions that the remainders B \Y and B \Z are dense in B . Hence, B \Y is dense in Z. Therefore, B \Y
is an infinite subvector space. It follows now from Fact 2 that B \ Y is not pseudocompact. Since Y is a subvector
space and B is its compactification, it follows from Corollary 3.5 that Y is metrizable. Repeating the argument for Z,
we conclude that Z is metrizable. Thus, in case 2 the compactum B is the union of two dense metrizable subspaces.
In this situation B has to be metrizable. Indeed, each of the spaces Y , Z has a σ -disjoint base. Extending in an
obvious way elements of these bases to open sets in B , and taking the collection of the extensions, we obtain a
point-countable base in B (see [9] if more details are needed). Hence, B is metrizable, by A.S. Mischenko’s theorem
(see [11]). The proof of Theorem 3.3 is complete. 
Problem 3.8. Suppose that a compact space B is the union of three subspaces homeomorphic to topological vector
spaces. Must B be metrizable?
Here is a version of this question:
Problem 3.9. Suppose that a compact space X is the union of three (of finitely many) subspaces homeomorphic to
some topological vector spaces. Must X be a Radon–Nikodym compactum?
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